For shrinking (gradient) Ricci solitons, we note a quantification of Wylie's [6] result that π 1 (M) < ∞.
Lemma 1 (f -uniqueness) Let (M n , g, f i , ε), i = 1, 2, be a complete gradient Ricci soliton (GRS ), i.e., Rc +∇ 2 f i + ε 2 g = 0. Then f 1 − f 2 is constant or (M, g) is isometric to (R, ds 2 ) × (N n−1 , h), where (N , h) is isometric to each level set
Proof. Let F = f 1 − f 2 . Then ∇ 2 F = 0. Assume that F is not a constant. Then |∇F | = a, where a ∈ R + . Let Σ c = {F = c}. Then Σ c is C ∞ and its second fundamental form is II(X, Y ) =
|∇F | = 0. Let {ϕ t } t∈R be the 1-parameter group of isometries generated by ∇F . We have F • ϕ t = F + a 2 t. Moreover, ϕ t maps Σ c isometrically onto Σ c+a 2 t . This produces the product structure on (M, g).
Let (M n , g, f ) be a complete noncompact shrinking GRS, where Rc +∇ 2 f = 1 2 g and f is normalized by R + |∇f | 2 = f . Let (M n ,g,f ) be the universal covering shrinking GRS, that is, π :M → M is the universal covering map,g = π * g, andf = f •π. Then we have that Rcg +∇ 2 gf = 1 2g and Rg +|∇f | 2 g =f . Let γ ∈ π 1 (M) − {e}. Then γ corresponds to a deck transformation γ :M →M that is a fixedpoint-free isometry of the metricg. Since bothf andf • γ are normalized potential functions for g = γ * g , by the lemma we havef • γ =f . In particular, γ is a fixed-point-free isometry of any level or sublevel set off . Hence Volg({f ≤ s}) = |π 1 (M)| Vol g ({f ≤ s}) for any s > 0. Let O be a minimum point of f . By Cao and Zhou [1] and its improvement of constants by Haslhofer and Müller [2] , we have 1
for g and the same inequalities forg (usingf and using a liftÕ of O), and Volg({f ≤ s}) ≤ C(n)s n/2 . Similarly, Munteanu and Wang [4] proved that Vol B r (O) ≤ ω n e n/2 r n for r > 0, where ω n = Vol R n B 1 . By Munteanu and Wang [3] , there is a constant c(n, M e −f dµ) > 0 such that Vol B r (O) ≥ cr for r ≥ 1.
is a complete noncompact shrinking GRS, then |π 1 (M)| ≤ C(n, M e −f dµ).
Proof. By the above, we have that C(n)(2n) 
